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Abstract

The coefficient of variation (CV) is an important measure of relative variability used across
many fields. Constructing accurate confidence intervals (CIs) for the population CV remains
challenging, particularly for small samples and skewed distributions. This study compares
classical, modified, median-based, and bootstrap CI methods for the CV using simulation under
symmetric and skewed distributions. Performance is assessed through coverage probability and
average interval width, and real-life datasets from health sciences, business, and manufacturing
are used for illustration. The results show that classical methods perform well for normal data,
median-based methods are more robust under skewness, and bootstrap methods offer a good

balance between accuracy and precision across diverse settings.

Keywords: Coefficient of Variation; Confidence Intervals; Bootstrap Methods; Median-based

Methods; Coverage Probability; Skewed Distributions
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1. Introduction

The coefficient of variation (CV) is a widely used statistical measure of relative variability that
expresses the standard deviation as a proportion of the mean. Unlike absolute measures of
dispersion such as the variance or standard deviation, the CV is dimensionless, making it
particularly suitable for comparing variability across datasets measured on different scales or
expressed in different units. For a population with mean p>0 and standard deviation o,the

coefficient of variation is defined as
CV = %x 100

and is commonly reported as a percentage. Owing to its scale-invariant nature, the CV provides a
standardized measure of dispersion and is especially valuable in comparative statistical analyses.
The sampling properties of the coefficient of variation have been studied extensively in the

literature (McKay, 1932; Hendricks & Robey, 1936).
Practical Importance and Applications of the CV

The coefficient of variation plays an important role in a wide range of real-life applications
across diverse disciplines. In finance and business, the CV is frequently used to assess the risk
return trade-off by comparing the variability of investment returns relative to their expected
values. For example, when evaluating two portfolios with different average returns, the CV
allows investors to identify which portfolio carries lower relative risk. In economics and
marketing, the CV 1is applied to compare relative variability in income levels, consumer

spending, market demand, sales performance, or customer response rates across regions or time



periods. In health sciences and epidemiology, the CV is used to quantify variability in biological
and medical measurements such as disease incidence rates, survival times, laboratory test results,
and physiological indicators. A lower CV in such contexts often indicates greater consistency
and reliability in measurements, which is critical for clinical decision-making and public health
planning. In engineering, manufacturing, and quality control, the CV serves as a key indicator of
process stability and precision. A low CV reflects consistent production quality, whereas a high
CV may signal excessive process variation requiring corrective action. In civil and architectural
engineering, the CV is commonly used to assess variability in material properties (e.g., concrete
strength or load-bearing capacity), construction tolerances, and structural performance measures,
contributing to safety evaluation and design optimization. These examples highlight the practical
importance of the CV as a tool for informed decision-making under uncertainty.
Methodologically, Mark G. Vangel (1996) developed confidence interval procedures for the CV
under normality, showing improved finite-sample performance. The sampling properties of the
CV have been extensively studied by Robert G. Miller (1991), who proposed asymptotic test
statistics and inference procedures for the coefficient of variation. Later, Krishnamoorthy and
Lee (2014) further contributed to this area by developing improved confidence interval
procedures for the coefficient of variation, particularly under normal and non-normal settings,
demonstrating enhanced accuracy in small samples. These studies demonstrate that skewness and
departures from normality can significantly affect the accuracy of inference based on the CV,

motivating the development of alternative confidence interval procedures.



Statistical Challenges in Inference for the CV

Despite its widespread use, the statistical properties of the coefficient of variation are known to
be complex. This complexity arises primarily because the CV is a ratio of two random variables,
making its sampling distribution highly sensitive to distributional shape and sample size. In
many real-world applications such as income data, reliability and failure-time data, survival
times, and epidemiological counts the underlying distributions are often skewed rather than
symmetric. Under such conditions, the sampling distribution of the CV can be highly
non-normal, which may adversely affect statistical inference. As a result, point estimation alone
is often insufficient, and the construction of confidence intervals (Cls) for the CV becomes
essential for quantifying uncertainty and ensuring reliable inference. Recent developments
include likelihood-based and modified estimators proposed by Curto and Pinto (2009) and
Panichkitkosolkul (2009) which sought to produce shorter intervals with improved coverage
properties. Simulation studies have played a central role in assessing the performance of these
methods. Banik and Kibria (2011) and Gulhar et al. (2012) demonstrated that many classical
confidence intervals perform well under normality but may become conservative or exhibit poor
coverage when sample sizes are small or when the underlying distribution is skewed. To address
robustness concerns, bootstrap-based confidence intervals were examined by Banik et al. (2012),
showing improved performance under non-normal conditions. Further extensions by
Abu-Shawiesh et al (2019) explored large-sample and augmented intervals, highlighting

trade-offs between coverage probability and interval width.



Research Gap and Motivation

Although considerable work has been done on confidence interval estimation for the coefficient
of variation (CV), many classical methods still rely on normality assumptions, which are often
unrealistic in practical applications involving skewed or heavy-tailed data. Under such
conditions, the sampling distribution of the CV becomes highly non-normal, leading to
inaccurate coverage probability and unstable interval widths, especially for small to moderate
sample sizes (Vangel, 1996; Krishnamoorthy & Lee, 2014). To address these limitations, several
alternative approaches have been proposed, including bootstrap-based confidence intervals and
modified robust procedures. Bootstrap methods are particularly useful because they do not
require strict distributional assumptions and can better approximate the sampling distribution in
skewed settings (Efron & Tibshirani, 1993; Davison & Hinkley, 1997). In addition, simulation
studies have shown that different CV confidence interval methods can perform quite differently
depending on the underlying distribution and sample size, but existing comparisons are often
limited in scope and do not provide a unified assessment across multiple methods and
distributional scenarios (Krishnamoorthy & Lee, 2014). Despite these developments, there is still
a lack of comprehensive evaluation comparing classical, modified, and bootstrap confidence
interval methods for the CV under a wide range of skewed distributions. Motivated by this gap,
the present study conducts a simulation-based comparison of these methods under both
symmetric and skewed distributions across varying sample sizes, using coverage probability
(CP) and average interval width (AW) as performance criteria. Real-life datasets from applied

fields are also used to demonstrate practical relevance.



Objectives of the Study

Motivated by these gaps, the present study conducts a comprehensive simulation-based
comparison of several classical, modified, median-based, and bootstrap confidence interval

methods for the CV. The specific objectives are to:

1. Evaluate the performance of different CI methods under both symmetric and skewed
distributions.

2. Assess interval accuracy using coverage probability and average interval width as
primary performance measures.

3. Illustrate the practical implications of the findings using real-life datasets from health

sciences, business and manufacturing.

The remainder of this project is organized as follows. Section 2 describes the statistical
methodology and the confidence interval estimators considered in the study. Section 3 outlines
the simulation design and performance evaluation criteria. Section 4 presents and discusses the
simulation results under different distributional settings. Section 5 provides real-life applications
to demonstrate the practical usefulness of the methods. Finally, Section 6 concludes the paper

with key findings and recommendations for practitioners.



2. Statistical Methodology

Suppose X;, i = 1, 2, ..., n represent a random sample of size n from a normal population with
mean p and standard deviation c. The sample CV is defined as CV = (sample mean/sample
standard deviation)100. The following is a quick description of the various approaches that have

been put out for determining confidence intervals for the CV:
2.1 Classical CI (CCL)

Hendricks and Robey (1936) proposed CI for CV first and later reviewed by Koopman et al

(1964),and Iglewicz(1967) and suggested the following 100(1-a)% CI, defined as follows:

LCL=CV =t S5

UCL=CV 4+t .S

where CV is the sample CV and 5517 :E;/\/ﬁ and t ( is the (a/2)" quintile of the

n—1),%

t-distribution with (n-1) df.

2.2 McKay’s CI (MK)

McKay (1932) proposed a CI, based on a normal population using the McKay method. A

100(1-a)% Cl is as follows:

2 2
—_ Xn_ _a /\2 Xn_ d-a
LCL = CV\/(—( e 1)CV b




2 2
— Xene1y o —2 Xeno1y,
UCL = CV»\/(—L( 0 1)CV +

where Xz )and X2

: _ th th :
(n—1),(1—% (-1)(2) are respectively the 100(1—0/2)" and 100(a/2)" percentiles of the

chi-square distribution with (n—1) degrees of freedom.

2.3 Miller’s CI (ML)

Miller (1991), using the normal distribution as a basis, proposed the following CI:

— 4 2
_ _ CV'+0.5CV
LCL = CV = 2.7 [
— 4 2
UCL = CV + 2,1 S22
2

Where CV is the sample CV, CV is the population CV and zZ is the o/2 quantile of the standard
/2
normal distribution.

2.4 Sharma and Krishna CI (S&K)

The following are the suggested CIs by Sharma and Krishna (1994):

LCL = (CV + cp_l(oc/Z)Nﬁ)_1

UCL = (CV — cp_l(oc/Z)/ﬁ)_1



—

Where ¢(.) is the cumulative standard normal distribution, CV is the sample CV and a is the level

of errors.

2.5 Abu-Shawiesh, Akyuz and Kibria Large sample CI (AA&K-LS)

Abu-Shawiesh et al (2019) hereafter AA&K-LS constructed the following confidence limits:

LCL = EV\/exp(— Z_.A

2

UCL = CV- Jexp(Z,_.JA
2
n—1 4

m 1 n -
= (n—2)(n—3) [(Tl - 1)g2 + 6]7 gZ = : - 3,m4 :TZ (Xl- - X) and
m i—1

2 L

2n

Gz+ (n—1)
Where A = —_— G

2

-2
(X, —X) andZ . s the o/2 quantile of the standard normal distribution.
2

T -

m_i
2 n
L

2.6 Abu-Shawiesh, Akyuz and Kibria Augmented Large sample CI (AA&K-ALS)

Abu-Shawiesh et al (2019) hereafter AA&K ALS proposed the following confidence intervals

LCL = E;\/exp exp (— Z1—")\/§ + C)
2

UCL = CV\/exp exp (— Zl_a) VB +C)
2

2n
—_— ~

Wh _ 2 _ ;(\e,s+ (n—1) _ . n+l 5G, .
ere B = var(log log (S ) ), C =—5—K = (6,0 +—=>)and G,is defined above.

2n n—1

2.7 Panichkitkosolkuls CI (PK)



Panichkitkosolkul (2009) introduces an enhanced approach for constructing CI for the CV in a
normal distribution. This method substitutes the conventional sample CV with the maximum
likelihood estimator, resulting in improved performance regarding coverage probability and

expected interval length.

2 2
~ X a2 ~2 Xy A=
LCL = k\/(—( e 1)k +

n -2
A/ ZE)
Where k = ———

Afnx

2.8 Bootstrap t-approach CI (BT)

The bootstrap approach is a powerful, flexible, and computationally feasible way of estimating
the uncertainty of a statistic without making strict assumptions about the underlying data
distribution (Efron, 1979; Efron & Tibshirani, 1993). It is especially useful for small datasets or
when traditional methods fail or are difficult to apply. More clearly this approach refers to a
statistical method that involves resampling with replacement from a given dataset to estimate the
sampling distribution of a statistic. It is commonly used in situations where it is difficult or
impossible to make strong assumptions about the underlying population or to derive an analytical
formula for the distribution of a statistic. Here is an overview of how it works: We take repeated
random samples (called "bootstrap samples") from our data, with replacement. This means some
data points may appear multiple times in the same sample, while others may not appear at all. By

calculating the statistic of interest on each bootstrap sample, we generate an empirical sampling



distribution for that statistic. The bootstrap method is especially useful for estimating CI or
conducting hypothesis tests without relying on parametric assumptions (like normality). Unlike
traditional methods (such as t-tests, ANOVA, or linear regression), which often assume
normality or specific distributions, the bootstrap method is non-parametric. It relies on the data
itself to create distributions. Bootstrap resampling provides a flexible, data-driven approach to
confidence interval construction when the sampling distribution of an estimator is unknown or
analytically intractable (Efron, 1987; Shao & Tu, 1995). Recent methodological developments in
confidence interval construction under challenging distributional settings (Krishnamoorthy &
Lee, 2014) further support the exploration of alternative CI procedures beyond classical
asymptotic methods. Following standard practice in resampling-based inference (Shao & Tu,
1995), the performance of the proposed confidence interval methods is evaluated using Monte
Carlo simulation in terms of coverage probability and average interval width (Banik & Kibria,

2011; Abu-Shawiesh et al., 2019).

The steps in the bootstrap method are as follows: Start with an original sample of size n, say Xj, 1
=1, 2, ..., n. Generate a large number B of new samples by randomly drawing, with replacement,
from the original sample. Each bootstrap sample will have the same size n as the original dataset,
but may contain repeated data points. For each bootstrap sample, calculate the statistic of interest
(e.g., the sample mean, median, variance, regression coefficient, etc.). After performing the
above steps, we now have an empirical distribution of the statistic. This distribution
approximates the sampling distribution of the statistic. We can construct confidence intervals for
the statistic using percentiles from the bootstrap distribution. For example, the 2.5" and 97.5"
percentiles of the bootstrap distribution form a 95% confidence interval. The mean or median of

the bootstrap distribution can be used as an estimate of the statistic in the population.
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Following Banik and Kibria (2010), Gulhar et al (2012) proposed the following CI for CV:

LCL=CV — T(n—1),a/ZSED and UCL =CV + T(n—1),1—a/2SEV
e * * th th L
Where CV is the sample CV, T (n—1)0/2 and T (n-1)1—asz &€ the o/2" and (1- o/2)" sample quintiles of

o
i o, >y

ov'—cv n -2 - n
* ; A 1 * ~T 1 *
T =— 5 '21 (CVl, —CV) andCV =-- '21 CVi is a bootstrap CV.
i= =

i=

* < < *
cv cv _CV(B)

Zl) = @~

It is well-known the median is considered the best measure of central tendency in the case of a
skewed distribution because it is less affected by extreme values or outliers. Unlike the mean,
which can be heavily influenced by unusually large or small data points, the median represents
the middle value of a dataset when ordered; ensuring that it accurately reflects the center of the
distribution without being distorted by skewed data. In a skewed distribution, where one tail is
longer or more spread out than the other, the median provides a more reliable measure of central
location, making it a better choice for datasets that are not symmetrically distributed. Based on
the assertion that the median depicts the center of the distribution more accurately than the mean
for a skewed distribution (see for example, Kibria (2006), Shi and Kibria (2007) ), the following

intervals are suggested by Gulhar et al (2012):

2.9 Median modification of McKay’s CI (MK Me)

2 2
~ X1y (1= ~ 2 Xep_1yize
LCL = cv\/(—J—‘ 2 1)CV + =

11



2 2
~ an s ~ 2 an o«
ucL = CV»\/ (—L‘ — 1)CV +

~ n ~ 2 ~
Where S = n%z X, —X and X is the sample median.

i=1

2.10 Median modification of Miller’s CI (ML _Me)

~ 4 ~ 2

LCL = CV — 2 CV_+0.5CV
o n—1
/2
~ ~ 2
UCL = CV + z %

@,

2.11 Median modification of Curto and Pinto CI (C&P_Me)

~ 4
LCL = CV — Z\/\/CV +05(CV)
~ 4
UCL—CV+Z cv +05(CV)

We suggest some interval estimation methods for the population CV based on the median,

following a similar approach to that of Gulhar et al. (2012), to obtain a more precise CI.
2.12 Median modification of classical approach (CCL Me)

The following 100(1-a)% CI is defined as follows:

LCL=CV—t, , .Sg

UCL=CV 4+t .S

12



where C~ V is the sample CV based on median and SC~V = CT/ /2nand t (-

b, is the (0/2)™ quintile of

the t-distribution with (n-1) df.

2.13 Median modification of Sharma and Krishna approach (S&K Me)

The following 100(1-a)% CI is defined as follows:

LCL = (CV + cp_1(0t/2)/\/5)_1

UCL = (@ — ¢ '@/ )

—

where ¢(.) is the cumulative standard normal distribution, CV is the sample CV based on median

and a is the level of errors.
2.14 Median modification of bootstrap approach (BT Me)

The proposed the following CI for CV:

*

LCL=CV =T . S~

UCL=UCL=CV +T . .S

. * * th th
Where CV is the sample CV, T (n—1)0/2 and T (1) 1wz A€ the a/2™ and (1- a/2)" sample

I
2

* : ~ 2 ~
* cv —Ccv ~ n * ~ ~ - %
quintiles of Ti ra— On = ‘\/%Z (CVi — CV) and CV = % CVl, is a bootstrap
)

2

T4 -

L

CV based on median.
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3. Simulation design

To compare the performance of our various considered test statistics, a simulation study has been
conducted. This study employs a Monte Carlo simulation framework to evaluate confidence
interval (CI) estimation for the coefficient of variation (CV). The simulation procedure is

structured as follows:

Sample sizes: n=20, 50, 70 and 100.

Data generation process (DGP): For each n, generate 5000 random samples from each of the

following distributions:

(1) Normal: N(2,1) and N(4,1)

(i) Right-skewed: Exponential(2)

(ii1) Left-skewed: Beta(3,1)

Statistic computation: For each sample, compute the CV as the ratio of the sample standard

deviation to the sample mean (or median, where applicable).

Repetition: Repeat the above steps to obtain the empirical distribution of CV estimates.

CI construction: Construct confidence intervals using the percentile method, based on the o/2

and 1—o0/2 quintiles of the simulated CV distribution.

Performance measures:

(iv) CP: Proportion of intervals containing the true CV,(95%)

14



(v) AW: Mean length of the constructed intervals, reflecting precision.

Following Banik and Kibria (2011), coverage probability and average interval width are used as

the primary criteria for evaluating confidence interval performance.

Significance level: A nominal level of a=0.05 is used throughout.

Implementation: All simulations and computations are carried out using MATLAB programming

codes (please refer in the appendix section).

The simulation results, summarized in terms of CP and AW, are reported in Tables 4.1 to 4.4.

4. Simulation results and discussion

In this section, we present and analyze the simulation results for the N(2,1), N(4,1),
Exponential(2), and Beta(3,1) distributions. Tables 4.1 to 4.4 report the CP and AW of the
confidence intervals for the CV across different n. Corresponding graphical representations are
provided in Figures 4.1(a,b) to 4.4(a,b) to facilitate visual comparison. The key findings from

these results are summarized below.

15



Table 4.1: CP and AW of selected CIs when DGP N(2,1) with skewness 0

Cls n=20 n=50 n=70 n=100
CP AW |CP AW |cP AW  [cP AW

CCL 0.9002 |0.3297 |0.8874 [0.2008 |0.8894 0.1687 [0.8904 |0.1404
MK 0.9040 |0.4051 |0.9276 [0.2488 |0.9388 0.2096 [0.9418 |0.1746
ML 0.9246 [0.3842 10.9326 [0.2415 |0.9396 0.2040 [0.9418 |0.1704
S&K 0.9520 |0.4366 |0.9668 [0.2770 |0.9688 0.2344 [0.9708 |0.1961
C&P 0.8896 |0.3144 |0.8820 [0.1973 |0.8864 0.1666 |0.8856 |0.1392
AA&K-LS  [0.9756 [0.4742 [0.9326 |0.2415 {0.9396 [0.2040 [0.9418 |0.1704
AA&K-ALS [0.9120 [0.3487 [0.9782 |0.2863 |0.9750 {0.2400 [0.9770 |0.1993
PK 0.8744 |0.3368 10.9138 [0.2199 |0.9184 0.1859 [0.9164 |0.1553
CCL_Me 0.9020 |0.4247 |0.8624 [0.2026 |0.8636 [0.1696 |0.8602 |0.1408
MK_Me 0.9208 |0.3976 10.9270 [0.2526 |0.9300 [0.2115 [0.9288 |0.1756
ML_Me 0.8584 [0.3212 |0.9246 [0.2448 |0.9252 0.2057 [0.9260 |0.1713
C&P Me 0.9478 |0.4460 10.8570 [0.1991 |0.8582 0.1675 [0.8564 |0.1396
S&K_Me 0.8626 | 0.3075 [ 0.9526 | 0.2795 | 0.9564 | 0.2357 | 0.9588 | 0.1967
BT 0.8142 [0.3077 |0.8706 |0.1956 |0.8794 |0.1654 |0.8824 |0.1385
BT Me 0.9002 [0.3297 [0.8418 |0.1967 |0.8484 |0.1663 |0.8498 |0.1388
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Table 4.1 summarizes the 95% CP and AW of 15 different confidence interval methods for the
CV under the DGP N(2,1), which has zero skewness. These measures are evaluated across

varying n to assess the accuracy (CP) and precision (AW) of each method.

Figure 4.1a: CPs accross selected sample size when DGP is N(2,1)
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From Table 4.1 and the corresponding figures, several trends emerge for the N(2,1) distribution.
Across all methods, an increase in sample size leads to a decrease in average width, indicating
improved precision of the confidence intervals.In terms of coverage probability, most methods
show a gradual stabilization toward values close to or slightly above 0.90 as sample size
increases. This indicates improved reliability with larger samples, although some methods
exhibit over or under coverage depending on their construction.Among all the methods, S&K
clearly gives the highest coverage probabilities, for example, 0.9520 at n = 20 and increasing to
0.9708 at n = 100. This suggests that the method is quite reliable in capturing the true parameter.
However, its interval widths are also the largest (e.g., 0.4366 at n = 20), which means this
reliability comes at the cost of less precision. In contrast, MK and ML provide a better balance.
Their coverage probabilities are close to the desired level for larger samples (both around 0.94 at
n = 100), while their widths remain moderate. This indicates that they manage to maintain
accuracy without making the intervals unnecessarily wide. The CCL method produces narrower
intervals (e.g., 0.1404 at n = 100), but its coverage stays slightly below the target (around 0.89),
meaning it may miss the true value more often. Similarly, C&P shows consistently low coverage
(around 0.88-0.89), which suggests under coverage despite having relatively narrow intervals.
AA&K-ALS stands out with the highest coverage overall (e.g., 0.9782 at n = 50 and 0.9770 at n
= 100). This indicates very strong reliability, but again the intervals are wider (AW = 0.20-0.28),
so the method is less efficient. The PK method shows a more balanced behavior, improving from
0.8744 at n = 20 to 0.9164 at n = 100, which suggests it becomes more reliable as sample size
increases while keeping widths at a reasonable level. The median based methods show mixed
results. For instance, S&K Me performs quite well for larger samples (0.9588 at n = 100), but

others like CCL_Me and C&P_Me have lower coverage (around 0.85-0.86 at n = 100). This may
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mean that median-based adjustments do not always improve performance, especially for smaller
samples, but can become more stable as n increases. The bootstrap methods (BT and BT Me)
tend to produce narrower intervals (e.g., BT has AW = 0.1385 at n = 100), which is good in
terms of precision. However, their coverage is relatively low, especially for small samples (BT =
0.8142 at n = 20). Although the coverage improves with larger samples (up to 0.8824 at n = 100),
it still does not reach the nominal level. This suggests that bootstrap methods may underestimate
variability in this case. The BT Me version performs slightly better for small samples but still

remains below the desired coverage level overall.

In summary, the results indicate a clear trade off between coverage probability and interval width

across all methods:

Best coverage performance: AA&K-ALS and S&K methods

Most balanced performance: MK, ML, and PK methods

Most efficient (narrowest intervals): CCL, C&P, and bootstrap methods

Most stable under increasing n: S&K, ML, and MK variants

The findings also confirm that increasing sample size significantly improves the reliability and

precision of all confidence interval estimators.
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Table 4.2: CP and AW of selected CIs when DGP N(4,1) with skewness 0

CIs n=20 n=50 n=70 n=100
CpP AW CP AW Cp AW Cp AW

CCL 0.9298 10.1634 10.9262 10.1000 [0.9334 10.0841 10.9304 |0.0700
MK 0.9090 10.1627 10.9280 |0.1036 [0.9392 10.0878 10.9374 [0.0735
ML 0.9252 10.1628 [0.9348 [0.1035 [0.9434 ]0.0877 [0.9422 (0.0734
S&K 0.9688 10.2164 10.9820 |0.1379 [0.9842 |0.1168 [0.9860 [0.0978
C&P 0.9222 10.1558 10.9256 10.0982 10.9318 10.0831 [0.9282 |0.0694
AA&K-LS 0.9252 10.1628 10.9348 0.1035 [0.9434 10.0877 10.9422 10.0734
AA&K-ALS [0.9218 [0.1580 [0.9906 [0.1425 0.9892 (0.1196 [0.9898 [0.0995
PK 0.9280 10.1658 [0.9268 10.1006 10.9374 [0.0852 (0.9344 [0.0713
CCL Me 0.9110 10.1655 10.9246 10.1006 [0.9236 |0.0844 10.9256 |0.0702
MK Me 0.9252 10.1656 10.9272 10.1044 10.9336 |0.0882 10.9338 |0.0737
ML Me 0.9170 10.1582 10.9322 0.1043 10.9342 10.0881 |0.9384 |0.0737
C&P_Me 0.9692 10.2196 10.9202 0.0988 10.9202 10.0834 10.9246 |0.0696
S&K_Me 0.9068 1 0.1521 1 0.9824 | 0.1388 | 0.9832 | 0.1173 | 0.9848 | 0.0981
BT 0.9022 10.1551 10.9204 0.0973 [0.9268 |0.0825 10.9258 [0.0691
BT Me 0.9298 10.1634 (0.9140 [0.0981 [0.9162 ]0.0830 [0.9212 [0.0694

The results in Table 4.2 summarise the 95% CP and AW of 15 different Cls for the CV under the

DGP N(4,1) with skewness 0.
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From Table 4.2 and the corresponding graphical representations, it is evident that as the sample
size increases, most confidence interval methods for the N(4,1) distribution show improved
performance. Across all methods, a clear pattern can be observed: as the sample size increases
from n =20 to n = 100, the average width (AW) decreases, indicating that the confidence
intervals become more precise. For example, under the CCL method, AW decreases from 0.1634
to 0.0700, and similar reductions are seen for all other methods. At the same time, the coverage
probability (CP) becomes more stable and generally moves closer to the desired level (around
0.95), showing improved reliability with larger samples. Among all the methods, S&K again
produces the highest coverage probabilities, increasing from 0.9688 at n =20 to 0.9860 at n =
100. This suggests that it is very reliable in capturing the true parameter. However, its interval
widths are also the largest (e.g., 0.2164 at n = 20 and 0.0978 at n = 100), meaning that this high
coverage comes at the cost of wider, less precise intervals. In comparison, MK and ML provide a
more balanced performance. Their coverage probabilities improve with sample size (e.g., MK:
0.9090 to 0.9374, ML: 0.9252 to 0.9422), and their interval widths remain moderate (around
0.07-0.10 for larger samples). This indicates that these methods achieve a good trade-off between
reliability and precision. The CCL method also performs reasonably well, with relatively narrow
intervals (AW = 0.0700 at n = 100), but its coverage remains slightly below the target level
(~0.93), suggesting mild under-coverage. Similarly, C&P shows slightly lower CP values
(around 0.92-0.93), indicating that it may also miss the true value more often despite having
narrow intervals. Among the modified methods, AA&K-ALS stands out with extremely high
coverage probabilities, such as 0.9906 at n = 50 and 0.9898 at n = 100.This shows very strong
reliability, but again the intervals are wider (AW = 0.10-0.14), meaning reduced efficiency.The

PK method shows stable and balanced behavior, with CP values around 0.93-0.94 for larger
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samples and relatively small widths (e.g., 0.0713 at n = 100), making it a competitive alternative.
The median-based methods show mixed results. For example, S&K Me performs very well at
larger sample sizes (CP = 0.9848 at n = 100), similar to its original version, while methods like
CCL_Me and ML Me show slightly lower coverage (around 0.925-0.938). Interestingly,
C&P_Me has very high CP at small sample size (0.9692 at n = 20) but drops for larger samples
(around 0.92), suggesting some inconsistency. Overall, median-based adjustments do not always
guarantee improvement but tend to stabilize as sample size increases. For the bootstrap methods,
BT produces relatively narrow intervals (e.g., AW = 0.0691 at n = 100), which is good in terms
of precision. However, its coverage is slightly low, especially at smaller sample sizes (0.9022 at
n = 20), and only improves to about 0.9258 at n = 100. The BT Me method shows a similar
pattern, starting at 0.9298 for n = 20 but then slightly decreasing and stabilizing around 0.92.
This suggests that bootstrap methods, while efficient, may still underestimate variability and lead

to slight under-coverage.

Overall, the results highlight a clear trade-off between coverage probability and interval width:

Best coverage: AA&K-ALS and S&K (but with wider intervals)

Most balanced: MK, ML, and PK

Most efficient (narrow intervals): CCL, C&P, and bootstrap methods

Most stable with increasing sample size: S&K, ML, and MK

In conclusion, increasing sample size improves both the precision and reliability of all methods.
However, no single method is best in all situations, and the choice depends on whether priority is

given to higher coverage or narrower intervals.
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Table 4.3: CP and AW of selected CIs when DGP EXP(2) with skewness 2.0618

Cls n=20 n=50 n=70 n=100
CP AW CP AW CpP AW CP AW

CCL 0.8750 [0.6348 10.8604 [0.3950 ]0.8552 0.3329 [0.8532 ]0.2779
MK 0.9334 [1.3648 10.9668 [0.8395 ]0.9730 |0.6884 [0.9750 ]0.5671
ML 0.9476 [1.0309 10.9700 [0.6685 ]0.9740 |0.5670 [0.9730 ]0.4759
S&K 0.9484 [0.8407 10.9564 [0.5448 ]0.9548 0.4625 [0.9504 ]0.3882
C&P 0.8674 [0.6055 10.8586 [0.3881 ]0.8544 |0.3288 [0.8520 ]0.2755
AA&K-LS 0.9476 [1.0309 10.9700 [0.6685 ]0.9740 |0.5670 [0.9730 ]0.4759
AA&K-ALS (09784 [0.9131 [0.9670 [0.5630 [0.9634 10.4735 [0.9560 [0.3946
PK 0.9230 [0.8428 10.9444 [0.5460 ]0.9506 |0.4631 [0.9486 ]0.3886
CCL_Me 0.5336 [1.0147 ]0.2762 [0.6112 ]0.1728 |0.5128 [0.1018 ]0.4239
MK Me 0.9642 (3.0415 10.9974 [2.2819 ]0.9996 [2.0373 ]0.9988 |0.7074
ML Me 0.9700 [2.6885 10.9974 [1.5123 ]0.9030 |1.2520 (0.4914 |1.0215
C&P Me 0.4980 [0.9678 | 0.2610 [0.6006 ]0.1654 [0.5065 ]0.0972 10.4203
S&K Me 0.6988 [1.3438 10.4212 |[0.8430 ]0.2872 |0.7125 [0.1802 ]0.5921
BT 0.3836 [0.8935 | 0.8556 [0.3814 ]0.8558 0.3243 |0.8514 ]0.2723
BT Me 0.8750 [0.6348 10.1994 [0.5829 ]0.1288 0.4963 [0.0724 ]0.4139

The performance of 15 confidence interval methods for estimating the CV under the EXP(2)

distribution (skewness = 2.0618) is presented in Table 4.3, with CP and AW reported for selected

n.
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Figure 4.3a: CPs accross selected sample size when DGP is EXP(2)
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Figure 4.3b: AWSs accross selected sample size when DGP is EXP(2)
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From Table 4.3 and the figures 4.3, a similar overall pattern can still be observed, as the sample
size increases, the average width (AW) decreases for all methods, indicating improved precision.
For example, under the CCL method, AW decreases from 0.6348 at n =20 to 0.2779 at n = 100.
However, unlike the previous cases, the coverage probabilities (CP) do not consistently move
toward the nominal level. In fact, several methods show clear under-coverage or instability, even
for larger samples. Among the classical methods, ML, MK, and S&K perform relatively well in
terms of coverage. For instance, ML maintains CP values around 0.97 across all sample sizes
(0.9476 to 0.9730), while MK improves from 0.9334 to 0.9750 as n increases. S&K also
provides stable coverage close to 0.95 (e.g., 0.9484 at n = 20 and 0.9504 at n = 100), with
moderate interval widths compared to MK and ML. On the other hand, CCL and C&P clearly
underperform, with CP values consistently around 0.85, indicating under-coverage despite
having relatively narrower intervals (e.g., CCL AW = 0.2779 at n = 100). This suggests that
these methods are too compacted and fail to capture the true parameter often enough. Among the
other methods, AA&K-ALS again shows very high coverage, especially at smaller sample sizes
(0.9784 at n = 20), and remains above 0.95 even at n = 100 (0.9560). However, its interval
widths are moderately large (e.g., 0.9131 at n = 20), meaning that this high reliability comes with
reduced precision. The PK method provides a good balance, with CP improving from 0.9230 to
0.9486 and interval widths that are smaller than MK and ML but still reasonable. The
median-based methods behave very inconsistently in this case. Some methods such as MK Me
and ML Me show extremely high coverage (even close to 1, e.g., MK Me = 0.9996 at n = 70),
but this comes at the cost of extremely wide intervals (AW = 2.0373), making them impractical.
On the other hand, methods like CCL_Me, C&P Me, and S&K Me perform very poorly, with

coverage dropping drastically as sample size increases (e.g., CCL_Me falls to 0.1018 at n = 100).
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This indicates that these methods fail to produce reliable intervals in this scenario. For the
bootstrap methods, BT shows poor performance at small sample sizes (CP = 0.3836 at n = 20),
although it improves for larger samples (around 0.85). However, it still remains below the
desired level, indicating under-coverage. The BT Me method is highly unstable, starting
reasonably at n = 20 (0.8750) but dropping sharply to 0.0724 at n = 100. This suggests that the
bootstrap median-based approach is not reliable in this setting. Overall, this table shows a
stronger trade-off and more instability compared to the previous results. While methods like ML,
MK, S&K, and AA&K-ALS maintain good coverage, others, especially several median-based

and bootstrap variants perform poorly.

In summary:

Best coverage performance: ML, MK, S&K, and AA&K-ALS

Most balanced methods: ML and PK

Under-performing methods: CCL, C&P, and most median-based variants

Highly unstable methods: CCL_Me, C&P_Me, S&K Me, and BT Me

Effect of sample size: Improves precision (narrower intervals) but does not guarantee good

coverage for all methods

These results suggest that method selection becomes even more important in this scenario, as

some approaches fail to provide reliable confidence intervals even with larger sample sizes.
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Table 4.4: CP and AW of selected CIs when DGP Beta(3, 1) with skewness -0.85224

Cls n=20 n=50 n=70 n=100
CP AW CP AW CP AW CP AW

CCL 0.8910 10.1819 10.9004 |0.1107 [0.9004 |0.0925 10.8976 [0.0771
MK 0.8564 10.1704 10.8874 10.1081 [0.8882 |0.0910 |0.8894 [0.0763
ML 0.8764 10.1703 10.8934 10.1079 [0.8942 10.0909 10.8934 |0.0762
S&K 0.9362 10.2248 [0.9570 [0.1430 [0.9594 ]0.1206 [0.9624 (0.1011
C&P 0.8640 10.1619 0.8722 0.1019 [0.8728 0.0857 10.8748 |0.0717
AA&K-LS 0.8764 10.1703 10.8934 10.1079 [0.8942 10.0909 |0.8934 |0.0762
AA&K-ALS [0.9648 [0.2442 (0.9724 [0.1478 |0.9688 [0.1234 [0.9690 [0.1028
PK 0.8672 10.1648 10.8814 0.1046 [0.8840 0.0881 |0.8834 |0.0739
CCL_Me 0.8882 10.1776 10.8898 10.1074 [0.8768 10.0896 |0.8718 |0.0746
MK Me 0.8490 10.1663 |0.8690 |0.1048 [0.8638 0.0882 [0.8590 [0.0738
ML Me 0.8716 0.1663 [0.8820 [0.1047 |0.8718 ]0.0881 [0.8670 [0.0737
C&P Me 0.8702 10.1586 10.8702 10.0992 [0.8618 0.0833 10.8538 |0.0697
S&K_Me 0.9332 10.2203 1 0.9512 | 0.1392 | 0.9486 | 0.1172 | 0.9470 | 0.0982
BT 0.8002 10.2417 |0.8814 0.1360 [0.8940 |0.1128 [0.9098 |0.0936
BT Me 0.8080 10.2272 10.8484 ]0.1258 [0.8550 0.1040 |0.8598 |0.0859

Table 4.4 analyses 95% CP and AW of 15 CI methods for the CV parameter when DGP follows

a Beta(3,1) distribution with skewness -0.85224. The performance of 15 different Cls is

examined across selected n.
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Figure 4.4a: CPs accross selected sample size when DGP is Beta(3,1)

C&P AAGK-LRAABK-ALS PK
Cls

CL_Me MK_Me ML _Me C&P_Me S&K_Me BT _Me

Figure 4.4b: AWSs accross selected sample size when DGP is Beta(3,1)

C&P  AAGK-LRVAAK-ALS PK
Cls

CL_Me MK_Me ML_Me C&P_Me S&K_Me

BT_Me

mn=20 CP
mn=50 CP
mn=70CP
un=100 CP

mn=20 AW
mn=50 AW
mn=70 AW
=n=100 AW

29



From Table 4.4 and the corresponding figures, a consistent pattern can again be observed, as the
sample size increases, the average width (AW) decreases for all methods, indicating improved
precision of the confidence intervals. For example, under the CCL method, AW decreases from
0.1819 at n =20 to 0.0771 at n = 100. Similar reductions are seen across all methods. However,
in terms of coverage probability (CP), most methods remain slightly below the nominal level,
suggesting mild under-coverage even for larger samples. Among the classical methods, S&K
clearly performs the best in terms of coverage, with CP increasing from 0.9362 at n =20 to
0.9624 at n = 100. This indicates that it is more reliable in capturing the true parameter.
However, its interval widths are larger compared to others (e.g., 0.2248 at n =20 and 0.1011 atn
= 100), meaning this reliability comes at the cost of reduced precision. In contrast, MK and ML
show similar and more moderate behavior, with CP values improving slightly with sample size
(around 0.89 for larger samples) and relatively smaller widths (around 0.076 at n = 100). This
suggests they provide a better balance, although their coverage is somewhat below the desired
level. The CCL method also behaves similarly, with CP close to 0.90 but slightly lower for larger
samples (0.8976 at n = 100), while maintaining relatively narrow intervals. The C&P method
consistently shows lower coverage (around 0.86—0.87), indicating under-coverage despite having
one of the smallest interval widths. Among the modified methods, AA&K-ALS again stands out
with the highest coverage probabilities, for example, 0.9724 at n = 50 and 0.9690 at n = 100.
This shows strong reliability, but its interval widths are relatively larger (e.g., 0.2442 at n = 20),
indicating that higher coverage is achieved at the cost of wider intervals. The PK method shows
moderate performance, with CP values around 0.88—0.88 for larger samples and relatively

narrow widths, but it does not reach the desired coverage level. The median-based methods
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mostly show lower coverage compared to their original versions. For example, MK Me and
ML Me remain below 0.87-0.88 even at larger sample sizes, while C&P_Me drops further to
0.8538 at n = 100. However, S&K Me performs relatively well, maintaining CP close to 0.95
(0.9470 at n = 100), though with wider intervals similar to the original S&K method. This
suggests that median-based adjustments do not always improve performance and may even
reduce coverage in some cases. For the bootstrap methods, BT shows low coverage at small
sample sizes (0.8002 at n = 20) but improves steadily as n increases, reaching 0.9098 at n = 100.
However, it still remains slightly below the nominal level. The BT Me method performs worse,
with CP values remaining below 0.86 even for larger samples. Both methods produce relatively

moderate interval widths, but their lower coverage suggests they may underestimate variability.

Overall, this table again highlights the trade-off between coverage probability and interval width:

Best coverage: AA&K-ALS and S&K

Most balanced: CCL, MK, and ML (but slightly under-covering)

Under-performing methods: C&P, PK, and most median-based variants

Bootstrap methods: improve with sample size but still underperform in coverage

In conclusion, increasing sample size improves precision (narrower intervals), but many methods

still fail to achieve the desired coverage level.
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Summary and Recommendations from the Simulation Results

This simulation study provides a comparison of fifteen confidence interval methods across four
distributions: N(2,1), N(4,1), Exponential(2), and Beta(3,1). These include both symmetric and
skewed cases. Overall, a consistent pattern is observed across all tables, as the sample size
increases, the average width (AW) decreases and the coverage probability (CP) becomes more
stable. This means the intervals become more precise and reliable with larger samples, although

the extent of improvement varies depending on the method and distribution.

For the normal distributions such as N(2,1) and N(4,1), most classical methods including CCL,
S&K, MK, ML, PK, AA&K-LS and AA&K-ALS perform well. Methods like S&K and
AA&K-LS achieve very high coverage, however their intervals are wider. Methods such as CCL
and C&P give narrower intervals, but their coverage is slightly below the target level. MK and
ML provide a balanced performance, with moderate width and reasonably good coverage,

making them more stable across different sample sizes.

For skewed distributions, the performance of several methods becomes less stable. Some
methods, particularly MK and AA&K-ALS give very wide intervals, while others fail to achieve
good coverage. On the other hand, methods such as CCL and C&P often exhibit under-coverage
despite having narrow intervals, suggesting that they may underestimate variability under
skewed conditions.In some cases, ML also shows slight instability in maintaining the nominal

coverage level when the distribution is highly asymmetric.

Median-based methods generally show improved robustness under skewed distributions.

Methods such as S&K_Me and MK Me often provide improved or comparable coverage relative
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to their classical versions, particularly for moderate and large sample sizes. However, some
variants, such as CCL_Me and C&P_Me, may become unstable depending on the distribution,

sometimes resulting in either excessive interval widths or significant under-coverage.

Bootstrap methods (BT and BT Me) generally give narrower intervals and perform reasonably
well across all scenarios. However, they may have lower coverage for small sample sizes, their
performance improves as sample size increases, making them more reliable for moderate to large
samples. Overall, bootstrap approaches offer a good balance between precision and efficiency

and are particularly useful when distributional assumptions are difficult to justify.

Based on the overall simulation results, the following recommendations can be made:

Best-performing methods (balanced coverage and interval width): MK, ML, PK, and S&K Me

Highly reliable but conservative methods (high coverage, wider intervals): S&K and

AA&K-ALS

Efficient but slightly under-covering methods: CCL and C&P

Robust methods under skewness: MK _Me, ML_Me, and bootstrap methods (BT, BT Me)

Methods requiring caution due to instability or inconsistency: CCL_Me, C&P Me, and some

median-based variants under extreme skewness

In conclusion, no single method is best in all situations. Classical methods work well for normal
data, while median-based and bootstrap methods are more suitable for skewed data.Among all
methods, MK, ML, PK, and bootstrap-based approaches provide the most balanced and

practically reliable performance across different distributions and sample sizes.
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5. Some Real-Life Examples

Incorporating real-life examples alongside simulation studies is valuable for multiple reasons.
Such examples help to contextualize theoretical concepts, making them more understandable and
relatable to practical situations. They also serve as a means to validate the simulation models and
illustrate the applicability of the findings in real-world decision-making. Additionally, these
examples can reveal the limitations of simulation studies, highlighting scenarios where models
may not fully capture the complexities of practical applications. In this study, we consider three
real-life examples, demonstrating how combining simulations with practical cases provides a
more comprehensive understanding and facilitates the effective application of results. The
datasets used in this exercise are simulated (hypothetical) datasets constructed to demonstrate
positively skewed, negatively skewed, and normally distributed data. The examples are based on

real-world phenomena commonly reported in business and health science literature.

5.1 Health Science Data
The daily number of confirmed COVID-19 cases observed in a city during a surge period is

reported by the Health Department

10, 15, 25, 60, 150, 320, 450, 610, 405, 280, 190, 135, 100, 75, 50.

This dataset is positively skewed and reflects the rapid escalation and gradual decline typically

associated with epidemic waves.

34



A descriptive statistical analysis is conducted to summarize the key characteristics of the data.
The sample consists of 15 daily observations. The mean number of confirmed cases is 191.67,
while the standard deviation is 182.81, indicating dispersion in daily case counts. The estimated
skewness is 1.067, confirming a high positive skewness in the distribution. This suggests the
presence of several unusually high daily counts that extend the right tail and increase the sample
mean. The coefficient of variation (CV) is computed as 95.38%, indicating that the variation in
the data is nearly as large as the mean itself. Such a high CV is common in epidemic data

during surge periods, where case numbers can increase rapidly within short time intervals.

The combination of non-negative values, strong right-skewness, and high relative variability
indicates that the daily COVID-19 case counts do follow a normal distribution. Instead, a
positively skewed exponential distribution provides a better probabilistic model for this dataset.
Notably, the observed sample CV is close to the theoretical CV of unity associated with the
exponential distribution, lending further support to this modeling choice. Table 5.1 presents the
estimated confidence intervals for the coefficient of variation along with their corresponding
confidence widths, providing insight into the degree of uncertainty associated with the estimates.
Figure 5.1 illustrates the distributional shape of the data and offers a visual assessment of the

adequacy of the model fit.
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Table 5.1: CIs for selected CVs and corresponding class width

Method Confidence Interval Class width
CCL (0.6125, 1.2951) 0.6826
MK (0.6983, 1.5042) 0.8059
ML (0.4711, 1.4365) 0.9654
S&K (0.5750, 1.5821) 1.0071
C&P (0.6333, 1.9310) 1.2977
AA&K-LS (0.3807, 1.5269) 1.1462
AA&K-ALS (0.2868, 1.6208) 1.3341
PK (0.4740, 1.9195) 1.4455
CCL_Me (0.5232, 1.1064) 0.5831
MK Me (0.5965, 1.2850) 0.6885
ML Me (0.4025, 1.2272) 0.8247
C&P Me (0.5410, 1.6496) 1.1086
S&K Me (0.4912, 1.3516) 0.8603
BT (0.6400, 1.2676) 0.6277
BT Me (0.4884, 1.1412) 0.6528
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Figure 5.1: Class width for selected ClIs

Table 5.1 compares confidence intervals for the coefficient of variation (CV) using different
methods, along with their corresponding class widths. The results show noticeable differences in
interval widths, which reflect the precision of each method. Methods such as CCL, CCL_Me,
MK Me, BT, and BT Me produce relatively narrow intervals, with class widths ranging from
about 0.58 to 0.80. This indicates higher precision and lower uncertainty. In contrast, C&P, PK,
AA&K-LS, and AA&K-ALS produce wider intervals,with widths exceeding 1.10 in several
cases. The PK method gives the widest interval (1.4455), suggesting greater uncertainty in
estimation. ML and S&K show moderate interval widths with class widths of 0.9654 and 1.0071
respectively, representing a balance between narrow and wide intervals. The bootstrap methods
show relatively good performance. Both BT and BT Me produce comparatively narrow
intervals, suggesting that bootstrap approaches can achieve good precision while maintaining

reasonable stability.
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The key findings are:

Narrowest intervals (highest precision): CCL_Me, BT, MK Me, CCL, BT Me

Widest intervals (lowest precision): AA&K-ALS, PK, C&P, C&P Me

Most unstable method: PK (widest interval)

In general, the results highlight a trade-off between precision and uncertainty, where narrower

intervals give more precise estimates but wider intervals reflect more cautious estimation.

5.2 Business Data

The scores obtained in an easy, company-wide compliance test are reported in Company Records

(2025) as

98, 100, 95, 99, 100, 97, 100, 42, 96, 100.

These data reflect performance on a mandatory assessment designed to be straightforward, with

most employees expected to achieve near-perfect scores.

A descriptive statistical analysis is performed to summarize the main features of the dataset. The
deviation is 17.91, indicating noticeable dispersion in scores despite the overall high
performance. The estimated skewness is —3.10, revealing strong negative skewness in the

distribution. This pronounced left-skewness arises from a small number of unusually low scores,
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most notably a single extreme observation, while the majority of employees scored at or near the
maximum. Consequently, the mean score (92.70) is pulled downward relative to the median
score (98.50), and the mode is located at the upper boundary of the scale (100), reflecting a

concentration of high achievers.

The coefticient of variation (CV) is 19.32%, sample consists of 10 observations, with an average
(mean) test score of 92.70. The standard indicates moderate relative variability in test
performance. This variability is not representative of widespread inconsistency among
employees but is primarily driven by the presence of a low outlying score in an otherwise tightly
clustered set of high values. The strong negative skewness and bounded nature of the data (with
an upper limit of 100) clearly violate the assumptions of normality. Therefore, a left-skewed
distribution with bounded support, such as a reflected Beta distribution, provides a more

appropriate modeling framework than the normal distribution.

Table 5.2 reports the estimated confidence intervals for the coefficient of variation along with
their corresponding confidence widths, while Figure 5.2 shows a graph that helps us understand

the shape of the data and how much it varies.
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Table 5.2: CIs for selected CVs and corresponding class width

Method Confidence Interval Class width
CCL (0.1085, 0.2778) 0.1693
MK (0.1329, 0.3527) 0.2198
ML (0.0734, 0.3129) 0.2395
S&K (0.1039, 0.3590) 0.2551
C&P (0.1193, 0.5081) 0.3888
AAK-LS (0.1054, 0.2809) 0.1755
AAK-ALS (0.0712,0.3151) 0.2439
PK (0.1028, 0.3632) 0.2604
CCL Me (0.0086, 0.0219) 0.0133
MK Me (0.0105, 0.0278) 0.0173
ML Me (0.0058, 0.0247) 0.0189
C&P Me (0.0094, 0.0401) 0.0307
S&K Me (0.0082, 0.0283) 0.0201
BT (0.0000, 0.4104) 0.4104
BT Me (0.0000, 0.0563) 0.0563
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Figure 5.2: Class width for selected CIs

Table 5.2 presents the confidence intervals for the coefficient of variation (CV) along with their
class widths for different methods. The results show clear differences in the precision of the
methods. Among the classical methods, CCL and AAK-LS produce relatively narrow intervals
(0.1693 and 0.1755), indicating higher precision. In contrast, C&P, MK, ML, S&K, and PK show
wider intervals ranging from 0.21 to 0.38, with C&P having one of the widest ranges (0.3888),
suggesting lower precision and higher uncertainty. The modified or median-based methods
generally produce much smaller interval values, especially CCL_Me, MK Me, ML Me, and
S&K Me. These methods show very narrow intervals ranging from 0.01 to 0.02, indicating high
precision in estimation. However, C&P_ Me is relatively wider compared to other median-based
methods, showing slightly higher uncertainty. For the bootstrap methods, the results vary

significantly. BT produces a very wide interval (0.4104), indicating high variability and low
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precision. On the other hand, BT Me gives a much narrower interval (0.0563) compared to BT,

showing improved performance under the median-based adjustment.

The key observations are:

Narrowest intervals (highest precision): CCL_Me, MK Me, S&K Me, ML Me

Wider intervals (lower precision): C&P, PK, S&K, ML

Most unstable method: BT (very wide interval)

Overall, the results show a clear difference in precision across methods. Median-based methods
generally produce the narrowest confidence intervals, while some classical and bootstrap
methods show wider intervals, indicating greater uncertainty in estimating the coefficient of

variation.
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5.3 Manufacturing Data

The height of products from a manufacturing line, measured in milli meters, is represented by the

following data:

99.8,100.1, 100.2, 99.9, 100.0, 100.3, 99.7, 100.0, 99.8, 100.1.

We analyse the heights of products produced on a manufacturing line to summarise the key
statistical characteristics of the data. The sample size is 10. The average product height is
approximately 99.99 mm, which is very close to both the median(100 mm) and the mode(99.8
mm), indicating symmetry in the data. The standard deviation is 0.1912, reflecting minimal
variability around the target height. The skewness(0.0572) is close to zero, suggesting that the
distribution of heights is approximately normal with no noticeable skewness. The coefficient of
variation (CV) is 0.1912% which is very low, indicating high consistency and precision in the

manufacturing process.

The product height measurements exhibit negligible skewness (0.0572) and very low variability
(CV =0.1912%), indicating that the data closely follow a normal distribution. The symmetry of
the data, together with the near equality of the mean, median, and mode, supports the assumption
of normality for this manufacturing process. The small coefficient of variation reflects high

process precision and stability.
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Table 5.3 presents the confidence intervals for the coefficient of variation along with their

corresponding class widths for this dataset, and Figure 5.3 provides a graphical illustration for

clearer comparison.

Table 5.3: CIs for selected CVs and corresponding class width

Method Confidence Interval Class width
CCL (0.0011, 0.0028) 0.0017
MK (0.0013, 0.0035) 0.0022
ML (0.0007, 0.0031) 0.0024
S&K (0.0010, 0.0036) 0.0025
C&P (0.0012, 0.0050) 0.0038
AAK-LS (0.0011, 0.0028) 0.0017
AAK-ALS (0.0007, 0.0031) 0.0024
PK (0.0010, 0.0036) 0.0025
CCL Me (0.0008, 0.0022) 0.0013
MK Me (0.0010, 0.0027) 0.0017
ML Me (0.0006, 0.0024) 0.0019
C&P Me (0.0009, 0.0039) 0.0030
S&K Me (0.0008, 0.0028) 0.0020
BT (0.0013, 0.0026) 0.0013
BT Me (0.0006, 0.0024) 0.0019
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Figure 5.3: Class width for selected CIs

Table 5.3 presents the confidence intervals for the coefficient of variation (CV) along with their
class widths for different methods. The results show clear differences in the precision of the
estimators. Among the classical methods, CCL and AAK-LS produce relatively narrow intervals
(both 0.0017) with small class widths, indicating higher precision. In contrast, C&P shows the
widest interval among classical methods (0.0038), suggesting greater uncertainty compared to
other approaches. MK, ML, S&K, PK, and AAK-ALS fall in between, showing moderate
interval widths ranging from 0.0022 to 0.0025 and balanced performance. For the median-based
methods, CCL_Me, MK _Me, ML Me, and S&K Me generally produce narrower intervals
ranging from 0.0013 to 0.002, indicating improved precision compared to their classical
versions. However, C&P_Me remains relatively wide (0.0030), showing less improvement and
higher variability. The bootstrap methods show mixed results. BT produces a narrow

interval(0.0013), similar to CCL_Me, indicating good precision. BT Me also performs
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reasonably well with a moderate interval width(0.0019), showing improvement compared to

some classical methods.

The key observations are:

Narrowest intervals (highest precision): CCL_Me, BT, CCL, AAK-LS

Wider intervals (lower precision): C&P and C&P_Me

Most unstable method: C&P (widest interval)

In conclusion, the results show that most methods produce very small confidence intervals,
indicating high precision in estimating the coefficient of variation. Median-based and bootstrap
methods generally maintain or improve precision, while C&P-based methods show relatively

wider intervals, indicating higher uncertainty compared to other approaches.
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6. Conclusion

This study demonstrates that the performance of confidence interval estimators for the
coefficient of variation (CV) is strongly influenced by distributional characteristics, including
shape, bounded support, skewness, outliers and sample size. Through an extensive Monte Carlo
simulation framework and real-life data applications, the performance of fifteen classical,
modified, median-based, and bootstrap CI methods was systematically assessed using coverage
probability (CP) and average interval width (AW) as the primary criteria. Under normal
distributions, most classical methods perform satisfactorily. Methods such as MK, ML, and PK
provide a good balance between coverage probability (CP) and average width (AW), while S&K
and AA&K-ALS achieve higher coverage at the cost of wider intervals. However, under skewed
distributions, several methods exhibit under-coverage or instability. In such cases, ML, MK,
S&K, and AA&K-ALS remain relatively reliable, whereas methods like CCL and C&P perform
poorly. Median-based methods show mixed results, offering some robustness but lacking
consistency, particularly under extreme skewness. Bootstrap methods provide flexible,
distribution-free alternatives with relatively narrow intervals, but may suffer from
under-coverage in small samples. Bootstrap-based approaches provide a flexible alternative,
particularly in the absence of strict distributional assumptions. These methods generally yield
narrower intervals and show improved performance as sample size increases. Nevertheless, their
tendency toward under-coverage in small samples suggests that caution is required when
applying them in limited data settings. The real-life examples further validate the simulation
findings, highlighting that method performance varies with data characteristics. In skewed
datasets, such as health and business data, method performance varies substantially, reinforcing

the importance of selecting appropriate CI procedures based on data characteristics. In contrast,
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under near-normal conditions, such as manufacturing data, most methods perform consistently
well, reflecting the robustness of classical approaches in such settings. Overall, no single method
is universally optimal. Instead, the choice of CI estimator should be guided by the distributional
properties of the data and the trade-off between accuracy (coverage probability) and precision

(average/interval width).

Limitations and Future Work

Despite providing a comprehensive comparative analysis, this study is subject to several
limitations that offer opportunities for further research. First, the analysis is restricted to a limited
set of distributions, namely normal, exponential, and beta distributions. While these cover both
symmetric and skewed cases, they may not capture all real-world data complexities. Future
research should consider a wider range of distributions, including heavy-tailed, multimodal and
mixed models. Future studies could extend this analysis to a broader class of distributions,
including log-normal, gamma, Weibull, and contaminated distributions, to further evaluate
robustness. Second, only selected sample sizes were examined (n = 20, 50, 70, and 100). Further
work could explore very small and large sample behavior which would enhance the
generalizability of the findings. Third, the evaluation relies on CP and AW; additional measures
such as interval symmetry, bias, mean squared error of interval bounds, and computational
efficiency could provide a more comprehensive assessment. Fourth, only the bootstrap-t method
was considered. Other advanced bootstrap techniques, such as bias-corrected and accelerated
(BCa) intervals or percentile-based refinements, were not considered. Exploring these
alternatives may yield improved performance, particularly under skewed or small-sample

conditions. Fifth, median-based methods showed instability in some cases, indicating the need
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for further methodological refinement to develop more stable and theoretically grounded robust
CI estimators for the CV, particularly under extreme skewness and the presence of outliers.
Finally, the real-life examples, while illustrative, are based on relatively small datasets. Future
research could include larger and more diverse datasets from different fields to validate the

empirical findings and strengthen practical recommendations.

In future research, it would also be valuable to develop adaptive or data-driven methods that can
automatically select the most appropriate CI procedure based on sample characteristics such as
skewness, kurtosis, and sample size. Such approaches could significantly enhance the practical

applicability of CI estimation for the coefficient of variation in complex real-world settings.
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APPENDIX A

Simulation Algorithms and MATLAB Implementation
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This appendix presents the Monte Carlo simulation algorithms and MATLAB codes used to
evaluate the performance of various confidence interval (CI) methods for the coefficient of
variation (CV) and the implementation used for analyzing real-life datasets. The performance
measures considered are coverage probability (CP) and average width (AW). All simulations

were conducted using MATLAB.

Appendix A.1

Simulation Framework

The following simulation framework was used for all distributions. The sample sizes considered

WCErIc

n=20, 50, 70, 100

with 5000 Monte Carlo replications and a 95% confidence level.

Simulation Code for Normal Distribution:

Case 1: N(2,1) and N(4,1)

clc; clear;

rng(1); % For reproducibility
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% Parameters

n_values = [20, 50, 70, 100];
Y%for N(2,1)

mu = 2;

sigma = 1;

Y%for N(4,1)

mu=4;

sigma=1;

true_ CV = sigma / mu;

alpha = 0.05;
replications = 5000;
numBootstraps = 1000;

z =norminv(l - alpha/2);

% Loop over sample sizes
for ni = 1:length(n_values)

n=n_values(ni);
teri = tinv(1 - alpha/2, n-1);

chi2_lower = chi2inv(alpha/2, n-1);
chi2_upper = chi2inv(1 - alpha/2, n-1);

% Storage

methods = 15;

CP = zeros(methods, 1);
AW = zeros(methods, 1);

coverage = zeros(replications,methods);
width = zeros(replications,methods);

for i = l:replications

% Generate data
sample = normrnd(mu, sigma, [n,1]);

xbar = mean(sample);
s = std(sample);
CV = s/ xbar;

% Median version

med = median(sample);

s_med = sqrt(sum((sample - med).”2)/(n-1));
CV_me =s_med / med;
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%% ========== |, (Classical ==========

SCV =CV / sqrt(2*n);

L=CV -tcri * SCV;

U=CV +tcri * SCV;

coverage(i,1) = (true_ CV>=L && true_ CV <=U);
width(i,1) =U - L;

L =CV *sqrt(((chi2_lower/n - 1)*CV”2) + (chi2_lower/n));
U = CV * sqrt(((chi2_upper/n - 1)*CV~2) + (chi2_upper/n));
coverage(i,2) = (true CV>=L && true CV <=U);
width(i,2) =U - L;

%% ========== 3. Miller =======—===

L=CV -z *sqrt((CV*4 + 0.5*CV”2)/n);

U=CV +z *sqrt((CV"4 + 0.5*CV"2)/n);
coverage(i,3) = (true_ CV >=L && true_ CV <=U);
width(i,3) =U - L;

%% ==========4. Sharma & Krishna ===—==—==—==—
L=CV-z*(CV/sqrt(n));

U=CV +z* (CV/sqrt(n));

coverage(i,4) = (true CV>=L && true CV <=U);
width(i,4) = U - L;

%% ========== 35, Curto & Pinto ==========
A =1+ (1/(4*n)),

B = sqrt((1/(2*n)) * (1 + 3/(4*n)));
L=CV*(A-z*B)

U=CV *(A+z*B),

coverage(i,5) = (true CV >=L && true CV <=U);
width(i,5) =U - L;

%% ========== 6. AA&K-LS ==========
var CV = (CV"2 * (1 +2*CV"2)) / (2*n);

L=CV -z *sqrt(var CV);

U=CV +z * sqrt(var_CV);

coverage(i,6) = (true_ CV >=L && true_ CV <= U);
width(i,6) =U - L;

%% =======—==="7. AA&K-ALS ==========
error_margin = z * sqrt((1/n) + (2/(n"2)));

L =CV * exp(-error_margin);

U =CV * exp(error_margin);

coverage(i,7) = (true_ CV >=L && true_ CV <= U);
width(i,7) =U - L;
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%% ========== 8. Panichkitkosolkul ==========
L=CV *(1 -z *sqrt((1 + CV"2)/(2*n)));

U=CV * (1 +z*sqrt((1 + CV2)/(2*n)));
coverage(i,8) = (true CV >=L && true CV <=U);
width(i,8) = U - L;

%% ==========9. Classical (Median) ==========
SCV_me = CV_me / sqrt(2*n);

L=CV_me - tcri * SCV_me;

U=CV_me + tcri * SCV_me;

coverage(i,9) = (true CV >=L && true CV <=U);
width(i,9) = U - L;

%% ==========10. McKay (Median) =====—=—=—==—

L =CV_me * sqrt(((chi2_lower/n - 1)*CV_me”2) + (chi2_lower/n));
U =CV_me * sqrt(((chi2_upper/n - 1)*CV_me"2) + (chi2_upper/n));
coverage(i,10) = (true_ CV >=L && true_ CV <= U);

width(i,10) =U - L;

%% ========== 1. Miller (Median) ==========
L=CV_me -z * sqrt((CV_me™4 + 0.5¥*CV_me”2)/n);
U=CV_me +z * sqrt((CV_me”™4 + 0.5*CV_me”"2)/n);
coverage(i,11) = (true CV>=L && true CV <=U);
width(i,11)=U - L;

%% ==========12. Curto & Pinto (Median) ==========
L=CV_me* (A-z*B);

U=CV_me * (A+2z*B);

coverage(i,12) = (true_ CV >=L && true_ CV <= U);
width(i,12) =U - L;

%% ==========13. Sharma & Krishna (Median) ==========
L=CV_me-z* (CV_me/ sqrt(n));

U=CV_me+z* (CV_me/ sqrt(n));

coverage(i,13) = (true_ CV >=L && true_ CV <=1U);

width(i,13) =U - L;

bootCV = zeros(numBootstraps,1);
for b = 1:numBootstraps
bs = datasample(sample, n);
bootCV(b) = std(bs)/mean(bs);
end

tboot = (bootCV - mean(bootCV)) / std(bootCV);
t_sorted = sort(tboot);

SCV = CV / sqrt(2*n);



L =CV +t_sorted(round(alpha/2*numBootstraps)) * SCV;
U = CV +t_sorted(round((1-alpha/2)*numBootstraps)) * SCV;

coverage(i,14) = (true CV >=L && true CV <=1U);
width(i,14) =U - L;

%% ==========15. Bootstrap-t (Median) ==========
bootCV = zeros(numBootstraps,1);
for b = 1:numBootstraps
bs = datasample(sample, n);
med b = median(bs);
s_b = sqrt(sum((bs - med_b)."2)/(n-1));
bootCV(b) =s b/ med b;
end

tboot = (bootCV - mean(bootCV)) / std(bootCV);
t_sorted = sort(tboot);

SCV_me = CV_me / sqrt(2*n);
L =CV_me +t_sorted(round(alpha/2*numBootstraps)) * SCV_me;
U=CV_me +t_sorted(round((1-alpha/2)*numBootstraps)) * SCV_me;

coverage(i,15) = (true CV >=L && true CV <=1U);
width(i,15) =U - L;

end
% Final results
CP = mean(coverage);
AW = mean(width);
fprintf("\n=====n = %d =====\n', n);
fork=1:15
fprintf('"Method %d -> CP: %.4f AW: %.4f\n', k, CP(k), AW(k));

end

end

Simulation Code for Exponential Distribution:

Case 2 : EXP(2)
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clc; clear;

rng(1); % For reproducibility
% Parameters

n_values = [20, 50, 70, 100];
lambda = 2;

true CV =1;

alpha = 0.05;

replications = 5000;
numBootstraps = 1000;

z =norminv(1 - alpha/2);

% Loop over sample sizes
for ni = 1:length(n_values)

n=n_values(ni);
teri = tinv(1 - alpha/2, n-1);

chi2_lower = chi2inv(alpha/2, n-1);
chi2_upper = chi2inv(1 - alpha/2, n-1);

% Storage

coverage = zeros(replications, 15);
width = zeros(replications, 15);

for i = l:replications

% Generate data
sample = exprnd(1/lambda, [n,1]);

xbar = mean(sample);
s = std(sample);
CV =s/ xbar;

% Median version

med = median(sample);

s _med = sqrt(sum((sample - med).”2)/(n-1));
CV_me =s_med / med;

%% ========== |, Classical ==========

SCV = CV / sqrt(2*n);

L=CV -tcri * SCV;

U=CV +tcri * SCV;

coverage(i,1) = (true CV>=L && true CV <=U);
width(i,1) = U - L;

%% ========== 2. McKay ==========
L =CV *sqrt(((chi2_lower/n - 1)*CV”"2) + (chi2_lower/n));
U = CV * sqrt(((chi2_upper/n - 1)*CV~2) + (chi2_upper/n));
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coverage(i,2) = (true CV >=L && true CV <=U);
width(i,2)=U - L;

%% ========== 3. Miller =======—===

L=CV -z *sqrt((CV*4 + 0.5*CV”2)/n);

U=CV +z *sqrt((CV"4 + 0.5*CV"2)/n);
coverage(i,3) = (true_ CV >=L && true_ CV <=U);
width(i,3) =U - L;

%% ==========4. Sharma & Krishna ===—==—==—==—
L=CV-z* (CV/sqrt(n)),

U=CV +z*(CV/sqrt(n));

coverage(i,4) = (true CV>=L && true CV <=U);
width(i,4) = U - L;

%% ========== 3. Curto & Pinto ==========
A =1+ (1/(4*n)),

B = sqrt((1/(2*n)) * (1 + 3/(4*n)));
L=CV*(A-z*B)

U=CV *(A+z*B),

coverage(i,5) = (true CV >=L && true CV <=U);
width(i,5) =U - L;

%% ========== 6. AA&K-LS ==========

var CV = (CV™2 * (1 + 2*CV”2)) / (2*n);

L=CV -z *sqrt(var CV);

U=CV +z * sqrt(var_CV);

coverage(i,6) = (true_ CV >=L && true_ CV <=U);
width(i,6) =U - L;

%% =======—==="T7. AA&K-ALS ==========
error_margin = z * sqrt((1/n) + (2/(n"2)));

L =CV * exp(-error_margin);

U =CV * exp(error_margin);

coverage(i,7) = (true_CV >=L && true_ CV <=U);
width(i,7) = U - L;

%% ========== 8. Panichkitkosolkul ==========
L=CV *(1-z*sqrt((1 + CV*2)/(2*n)));

U=CV * (1 +2z*sqrt((1 + CV"2)/(2*n)));
coverage(i,8) = (true CV>=L && true CV <=U);
width(i,8) = U - L;

%% ==========9. Classical (Median) ==========
SCV_me = CV_me / sqrt(2*n);

L=CV_me - tcri * SCV_me;

U=CV_me + tcri * SCV_me;
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coverage(i,9) = (true CV >=L && true CV <=U);
width(i,9)=U-L;

%% ==========10. McKay (Median) =====—=—=—==—

L =CV_me * sqrt(((chi2_lower/n - 1)*CV_me”2) + (chi2_lower/n));
U =CV_me * sqrt(((chi2_upper/n - 1)*CV_me"2) + (chi2_upper/n));
coverage(i,10) = (true_ CV >=L && true_ CV <= U);

width(i,10) =U - L;

%% ========== 1. Miller (Median) ==========
L=CV_me -z * sqrt((CV_me™4 + 0.5¥*CV_me”2)/n);
U=CV_me +z * sqrt((CV_me”™4 + 0.5*CV_me”"2)/n);
coverage(i,11) = (true CV>=L && true CV <=U);
width(i,11)=U - L;

%% ==========12. Curto & Pinto (Median) ==========
L=CV _me* (A-z*B);

U=CV_me * (A+2z*B);

coverage(i,12) = (true_ CV >=L && true_ CV <= U);
width(i,12) =U - L;

%% ==========13. Sharma & Krishna (Median) ==========
L=CV_me-z* (CV_me/ sqrt(n));

U=CV_me+z* (CV_me/ sqrt(n));

coverage(i,13) = (true_ CV >=L && true_ CV <=U);

width(i,13) =U - L;

%% ==========14. Bootstrap-t ==========
bootCV = zeros(numBootstraps,1);
for b = 1:numBootstraps
bs = datasample(sample, n);
bootCV(b) = std(bs)/mean(bs);
end

tboot = (bootCV - mean(bootCV)) / std(bootCV);
t_sorted = sort(tboot);

SCV = CV / sqrt(2*n);
L =CV +t_sorted(round(alpha/2*numBootstraps)) * SCV;
U = CV +t_sorted(round((1-alpha/2)*numBootstraps)) * SCV;

coverage(i,14) = (true CV >=L && true CV <=1U);
width(i,14) =U - L;

%% ==========15. Bootstrap-t (Median) ======—====
bootCV = zeros(numBootstraps,1);
for b = 1:numBootstraps

bs = datasample(sample, n);



med b = median(bs);
s_b = sqrt(sum((bs - med_b)."2)/(n-1));
bootCV(b) =s b/ med b;

end

tboot = (bootCV - mean(bootCV)) / std(bootCV);
t_sorted = sort(tboot);

SCV_me = CV_me / sqrt(2*n);
L =CV_me +t_sorted(round(alpha/2*numBootstraps)) * SCV_me;
U=CV_me +t_sorted(round((1-alpha/2)*numBootstraps)) * SCV_me;

coverage(i,15) = (true CV >=L && true CV <=1U);
width(i,15) =U - L;

end

% Final results
CP = mean(coverage);
AW = mean(width);

fprintf("\n=====n = %d =====\n', n);
fork=1:15

fprintf('"Method %d -> CP: %.4f AW: %.4f\n', k, CP(k), AW(k));
end

end

Simulation Code for Beta Distribution:
Case 3 : Beta(3,1)

clc; clear;

rng(1); % Reproducibility
%% PARAMETERS
n_values = [20, 50, 70, 100];
a=3;b=1;
mu=a/(a+b);

varX = (a*b)/((atb)"2*(at+b+1));
sigma = sqrt(varX);

true CV = sigma / mu;
alpha = 0.05;

replications = 5000;
numBootstraps = 1000;
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z =norminv(1 - alpha/2);
%% LOOP OVER SAMPLE SIZES
for ni = 1:length(n_values)

n=n_values(ni);
teri = tinv(1 - alpha/2, n-1);

chi2_lower = chi2inv(alpha/2, n-1);
chi2_upper = chi2inv(1 - alpha/2, n-1);

coverage = zeros(replications, 15);
width = zeros(replications, 15);

for i = l:replications

%% SAMPLE
sample = betarnd(a, b, n, 1);

xbar = mean(sample);
s = std(sample);
CV =5/ xbar;

%% MEDIAN VERSION

med = median(sample);

s_med = sqrt(sum((sample - med).”2)/(n-1));
CV_me =s_med / med,;

%%
%% 1. Classical

SCV =CV * sqrt((1 + 2*CV~2)/(2*n));

L=CV -tcri * SCV;

U=CV +tcri * SCV;

coverage(i,1) = (true CV>=L && true_ CV <=U);
width(i,1) = U - L;

%% 2. McKay

L =CV *sqrt(((chi2_lower/n - 1)*CV”"2) + (chi2_lower/n));
U = CV * sqrt(((chi2_upper/n - 1)*CV~2) + (chi2_upper/n));
coverage(i,2) = (true_ CV >=L && true_ CV <=U);
width(i,2) = U - L;

%% 3. Miller

L=CV -z *sqrt((CV*4 + 0.5*CV"2)/n);

U=CV +z *sqrt((CV"4 + 0.5*CV"2)/n);
coverage(i,3) = (true_ CV>=L && true_ CV <=U);
width(i,3) =U - L;

%% 4. Sharma & Krishna
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L=CV-z* (CV/sqrt(n)),

U=CV +z* (CV/sqrt(n));

coverage(i,4) = (true CV>=L && true_ CV <=U);
width(i,4) =U - L;

%% 5. Curto & Pinto

A =1+ (1/(4*n)),

B = sqrt((1/(2*n)) * (1 + 3/(4*n)));
L=CV*(A-z*B),

U=CV *(A+z*B),

coverage(i,5) = (true CV >=L && true CV <=U);
width(i,5)=U - L;

%% 6. AA&K-LS

var CV = (CV”2 * (1 +2*CV"2)) / (2*n);

L=CV -z *sqrt(var CV);

U=CV +z *sqrt(var_ CV);

coverage(i,6) = (true_ CV >=L && true_ CV <=U);
width(i,6) = U - L;

%% 7. AA&K-ALS

error_margin = z * sqrt((1/n) + (2/(n"2)));

L =CV * exp(-error_margin);

U =CV * exp(error_margin);

coverage(i,7) = (true_ CV >=L && true_ CV <=U);
width(i,7) =U - L;

%% 8. Panichkitkosolkul

L=CV *(1 - z * sqrt((1 + CV/~2)/(2*n)));

U=CV * (1 +z*sqrt((1 + CV"2)/(2*n)));
coverage(i,8) = (true CV >=L && true CV <=U);
width(i,8) =U - L;

%%
%% MEDIAN METHODS

%% 9. Classical (Median)

SCV_me = CV_me * sqrt((1 + 2¥*CV_me”2)/(2*n));
L=CV_me - tcri * SCV_me;

U=CV_me + teri * SCV_me;

coverage(i,9) = (true CV >=L && true CV <=U);
width(i,9)=U-L;

%% 10. McKay (Median)

L =CV_me * sqrt(((chi2_lower/n - 1)*CV_me”2) + (chi2_lower/n));
U =CV_me * sqrt(((chi2_upper/n - 1)*CV_me"2) + (chi2_upper/n));
coverage(i,10) = (true_ CV >=L && true_ CV <= U);

width(i,10) =U - L;



%% 11. Miller (Median)

L=CV_me -z * sqrt((CV_me™4 + 0.5*CV_me"2)/n);
U=CV_me +z * sqrt((CV_me™4 + 0.5*CV_me”"2)/n);
coverage(i,11) = (true CV >=L && true CV <=U);
width(i,11)=U - L;

%% 12. Curto & Pinto (Median)
L=CV me* (A-z*B);

U=CV_me * (A+z*B);

coverage(i,12) = (true CV >=L && true CV <= U);
width(i,12) =U - L;

%% 13. Sharma & Krishna (Median)
L=CV_me-z* (CV_me/ sqrt(n));
U=CV_me+z* (CV_me/ sqrt(n));

coverage(i,13) = (true_ CV >=L && true_ CV <= U);
width(i,13) =U - L;

%%
%% 14. Bootstrap-t

bootCV = zeros(numBootstraps,1);
for b_iter = 1:numBootstraps
bs = datasample(sample, n);
bootCV (b _iter) = std(bs)/mean(bs);
end

tboot = (bootCV - CV) ./ (bootCV .* sqrt((1 + 2*¥bootCV.*2)/(2*n)));
t_sorted = sort(tboot);

lower idx = max(1, floor((alpha/2)*numBootstraps));
upper_idx = min(numBootstraps, ceil((1 - alpha/2)*numBootstraps));

SCV = CV * sqrt((1 + 2*CV”2)/(2*n));
L =CV +t sorted(lower idx) * SCV;
U =CV +t_sorted(upper_idx) * SCV;

coverage(i,14) = (true_ CV >=L && true_ CV <= U);
width(i,14) =U - L;

%%
%% 15. Bootstrap-t (Median)

bootCV = zeros(numBootstraps,1);
for b_iter = 1:numBootstraps
bs = datasample(sample, n);
med_b = median(bs);
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s_b = sqrt(sum((bs - med b)."2)/(n-1));
bootCV(b_iter) =s b/ med _b;
end

tboot = (bootCV - CV_me) ./ (bootCV .* sqrt((1 + 2*bootCV.*2)/(2*n)));
t_sorted = sort(tboot);

SCV_me = CV_me * sqrt((1 + 2*¥*CV_me”2)/(2*n));
L=CV_me +t _sorted(lower _idx) * SCV_me;
U=CV_me +t_sorted(upper_idx) * SCV_me;

coverage(i,15) = (true CV >=L && true CV <=1U);
width(i,15) =U - L;

end
%% RESULTS
CP = mean(coverage);
AW = mean(width);
fprintf("\n=—====n = %d =====\n', n);
fork=1:15
fprintf('"Method %d -> CP: %.4f AW: %.4f\n', k, CP(k), AW(k));

end

end

Appendix A.2

Real-Life Example Codes

Case 1: Health Science Data (positively skewed)

clc; clear; close all;



%% DATA

x =[10, 15, 25, 60, 150, 320, 450, 610, 405, 280, 190, 135, 100, 75, 50];

x =x(:)"; % ensure row vector
n = length(x);
alpha = 0.05;

%% BASIC STATISTICS
xbar = mean(x);

s = std(x);

cv=s/xbar;

med = median(x);
mad_val = mad(x,1); % FIXED (renamed variable)
cv_med = mad_val / med,

z =norminv(l - alpha/2);

%% CLASSICAL
CL L =cv* (1 -z/sqrt(2*n));
CL_U=cv * (1 + z/sqrt(2*n));

%% MCKAY
chiL = chi2inv(alpha/2, n-1);
chiU = chi2inv(1-alpha/2, n-1);

MK L = cv * sqrt((n-1)/chiU);
MK U =cv * sqrt((n-1)/chiL);

%% MILLER
ML _L =cv * (1 - z/sqrt(n));
ML _U =cv * (1 + z/sqrt(n));

%% SHARMA & KRISHNA
SK L =cv * exp(-z/sqrt(n));
SK U =cv * exp(z/sqrt(n));

%% CURTO & PINTO
CP_L=cv/(1+ z/sqrt(n));
CP U=cv/(1 - z/sqrt(n));

%% AA&K-LS
AAK LS L=cv* (1 -z*sqrt((1+2*cv"2)/(2*n)));
AAK LS U=cv * (1 + z*sqrt((1+2*cv"2)/(2*n)));

%% AA&K-ALS

AAK ALS L =cv* (1 - z*sqrt((1+cv"2)/(n)));
AAK ALS U=cv * (1 + z*sqrt((1+cv”2)/(n)));
%% PANICHKITKOSOLKUL

PK L =cv * exp(-z*sqrt((1+cv"2)/(n)));

PK U = cv * exp(z*sqrt((1+cv*2)/(n)));

%% MEDIAN-BASED METHODS

CL Me L =cv_med * (1 - z/sqrt(2*n));
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CL Me U=cv_med * (1 + z/sqrt(2¥n));

MK Me L =cv_med * sqrt((n-1)/chiU);
MK Me U =cv_med * sqrt((n-1)/chiL);

ML Me L=cv med* (1 - z/sqrt(n));
ML Me U=cv med * (1 + z/sqrt(n));

CP Me L=cv med/ (1 + z/sqrt(n));
CP_Me U=cv_med/ (1 - z/sqrt(n));

SK Me L =cv_med * exp(-z/sqrt(n));
SK Me U =cv_med * exp(z/sqrt(n));

%% BOOTSTRAP
B =1000;
boot cv = zeros(B,1);

fori=1:B
xb = x(randi(n,n,1)); % safer than datasample
boot_cv(i) = std(xb)/mean(xb);

end

se_boot = std(boot_cv);
BT L=cv-z*se boot;
BT U=cv+z*se boot;

%% BOOTSTRAP MEDIAN
boot cv_me = zeros(B,1);

fori=1:B

xb = x(randi(n,n, 1));

boot_cv_me(i) = mad(xb,1)/median(xb); % works now
end

se_boot _me = std(boot_cv_me);
BT Me L =cv_med - z*se boot me;
BT Me U=cv_med+ z*se boot me;

%% WIDTH FUNCTION
width= @(L,U) U - L;

%% DISPLAY
fprintf("\nMethod\t\tLower\t\tUpper\t\tWidth\n');

fprintf('CCL\(\t%.41\t%.41\t%.4f\n',CL_L,CL_U,width(CL_L,CL_U));

fprintfMK\t%.41\t%.41\t%.4f\n’, MK_L,MK_U,width(MK_L,MK_U));

fprintf(ML\t%.41\t%.41\t%.4f\n’, ML_L,ML_U,width(ML L,ML_U));
fprintf('S&K\\%.41\t%.41\1%.4f\n',SK_L,SK_U,width(SK_L,SK_U));
fprintf('C&P\t\t%.41\t%.40\t%.40\n',CP_L,CP_U,width(CP_L,CP_U));

fprintf(' AAK-LS\t\t%.4f\t%.41\t%.4f\n", AAK_LS L AAK LS U,width(AAK LS L,AAK LS U));

fprintf(l AAK-ALS\t\t%.4f\t%.4f\t%.4f\n', AAK_ALS L,AAK ALS U,width(AAK_ALS L, AAK_ALS U));
fprintf('PK\\W%.40\t%.40\t%.40\n",PK_L,PK_U,width(PK_L.PK_U));

fprintf('CCL_Me\t\t%.4f\t%.4f\t%.4fn',CL_Me L,CL_Me_U,width(CL Me L,CL_Me_U));



fprintf(MK_Me\t\t%.4f\t%.41\t%.4f\n', MK_Me L,MK Me U,width(MK Me L,MK Me U));
fprintf(ML_Me\t\t%.4\t%.4\t%.4f\n'’, ML Me LML Me U,width(ML Me LML Me U));
fprintf('C&P_Me\t\t%.41\t%.41\t%.4f\n',CP_Me L,CP_Me U,width(CP_Me L,CP_Me U));
fprintf('S&K_Me\t\t%.4\t%.41\t%.4f\n',SK_Me L,SK Me U,width(SK Me L,SK Me U));

fprintf('BT\t\t%.41\t%.41\t%.4f\n',BT L,BT U,width(BT _L,BT U));
fprintf('BT Me\t\t%.41\t%.41\t%.4f\n',BT Me L,BT Me U,width(BT Me L.BT Me U));

Case 2: Business Data (negatively skewed)
clc; clear; close all;

%% DATA

x =[98, 100, 95, 99, 100, 97, 100, 42, 96, 100];
x =x()}

n = length(x);

alpha = 0.05;

%% BASIC STATISTICS
xbar = mean(x);
s = std(x);

if abs(xbar) < le-8
error('Mean too close to zero. CV undefined.");
end

cv =s/xbar;
med = median(x);
if abs(med) < 1e-8

warning('"Median near zero — median CV unstable.");
end

mad_val =mad(x,1); % you can switch to mad(x,0) if needed
cv_med = mad_val / med,

z =norminv(l - alpha/2);

%% CLASSICAL
CL_L =max(0, cv * (1 - z/sqrt(2*n)));
CL _U=cv * (1 + z/sqrt(2*n));

%% MCKAY
chiL = chi2inv(alpha/2, n-1);
chiU = chi2inv(1-alpha/2, n-1);

MK L = cv * sqrt((n-1)/chiU);
MK U =cv * sqrt((n-1)/chiL);
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%% MILLER
ML _L =max(0, cv * (1 - z/sqrt(n)));
ML U=cv * (1 + z/sqrt(n));

%% SHARMA & KRISHNA
SK L =cv * exp(-z/sqrt(n));
SK U = cv * exp(z/sqrt(n));

%% CURTO & PINTO
if (1 - z/sqrt(n)) <=0
CP_L =NaN;
CP_U=NaN;
else
CP_L=cv/(1+ z/sqrt(n));
CP _U=cv/(1 - z/sqrt(n));
end

%% AAK-LS
AAK LS L =max(0, cv * (1 - z¥sqrt((1+2*cv"2)/(2*n))));
AAK LS U=cv* (1 + z*sqrt((1+2*cv”*2)/(2*n)));

%% AAK-ALS
AAK ALS L =max(0, cv * (1 - z*sqrt((1+cv”*2)/(n))));
AAK ALS U=cv * (1 + z*sqrt((1+cv”2)/(n)));

%% PANICHKITKOSOLKUL
PK L =cv * exp(-z*sqrt((1+cv"2)/(n)));
PK U = cv * exp(z*sqrt((1+cv*2)/(n)));

%% MEDIAN-BASED METHODS

CL Me L =max(0, cv_med * (1 - z/sqrt(2*n)));
CL Me U=cv_med * (1 + z/sqrt(2*n));

MK Me L =cv_med * sqrt((n-1)/chiU);
MK Me U =cv_med * sqrt((n-1)/chil);

ML Me L =max(0, cv_med * (1 - z/sqrt(n)));
ML Me U=cv med * (1 + z/sqrt(n));

if (1 - z/sqrt(n)) <=0
CP_Me L =NaN;
CP_Me U = NaN;
else
CP Me L =cv_med/(1+ z/sqrt(n));
CP_Me U=cv _med/ (1 - z/sqrt(n));
end

SK Me L =cv_med * exp(-z/sqrt(n));
SK Me U =cv_med * exp(z/sqrt(n));

%% BOOTSTRAP (ROBUST)
B =2000;
boot_cv = zeros(B,1);



fori=1:B
xb = x(randi(n,n,1));
m = mean(xb);

if abs(m) > le-8
boot_cv(i) = std(xb)/m;
else
boot_cv(i) = NaN;
end
end

boot_cv =boot_cv(~isnan(boot_cv));
se_boot = std(boot_cv);

BT L =max(0, cv - z*se_boot);
BT U=cv+z*se boot;

%% BOOTSTRAP MEDIAN
boot_cv_me = zeros(B,1);

fori=1:B
xb = x(randi(n,n, 1));
m = median(xb);

if abs(m) > 1e-8
boot_cv_me(i) = mad(xb,1)/m;
else
boot cv_me(i) = NaN;
end
end

boot_cv_me =boot cv_me(~isnan(boot_cv_me));
se_boot me = std(boot_cv_me);

BT Me L =max(0, cv_med - z*se_boot_me);
BT Me U=cv_med+ z*se boot me;

%% WIDTH FUNCTION
width = @(L,U) U - L;

%% DISPLAY
fprintf("\nMethod\t\tLower\t\tUpper\t\tWidth\n');

fprintf'CCL\\%.4f\t%.4f\t%.4f\n',CL_L,CL_U,width(CL_L,CL_U));

fprintf'MK\t\t%.41\t%.4f\t%.4f\n', MK_L,MK_U,width(MK_L,MK_U));

forintf'ML\\W%.40\t%.4f\t%.4f\n' ML_L,ML_U,width(ML_LML_U));
fprintf('S&K\\%.41\t%.41\(%.4f\n',SK_L,SK_U,width(SK_L,SK_U));
fprintf('C&P\(\t%.41\t%.41\t%.4f\n',CP_L,CP_U,width(CP_L.CP_U));

fprintfl AAK-LS\t\t%.4f\t%.41\t%.4f\n, AAK_LS L AAK LS U,width(AAK LS L.AAK LS U));

fprintf(l AAK-ALS\\t%.4f\t%.4f\t%.4f\n', AAK_ALS L,AAK_ALS_U,width(AAK_ALS L, AAK_ALS U));
fprintf('PK\\t%.41\t%.40\t%.40\n",PK_L,PK_U,width(PK_L.PK_U));

fprintf('CCL_Me\t\t%.41\t%.41\t%.4f\n',CL Me L,CL Me U,width(CL Me L,CL Me U));
fprintf('MK_Me\t\t%.41\t%.41\t%.4f\n', MK_Me LMK Me U,width(MK Me LMK Me U));



fprintf(ML_Me\t\t%.4\t%.41\t%.4f\n', ML Me LML Me U,width(ML Me LML Me U));
fprintf('C&P_Me\t\t%.41\t%.41\t%.4f\n',CP_Me L,CP_Me U,width(CP_Me L,CP_Me U));
fprintf('S&K_Me\t\t%.4\t%.41\t%.4f\n',SK_Me L,SK Me U,width(SK Me L,SK Me U));

fprintf('BT\t\t%.41\t%.41\t%.4f\n',BT L,BT U,width(BT _L,BT U));
fprintf('BT Me\t\t%.41\t%.41\t%.4f\n',BT Me L,BT Me U,width(BT Me L.BT Me U));

Case 3: Business Data (normally distributed)

clc; clear; close all;

%% DATA

x =1[99.8, 100.1, 100.2, 99.9, 100.0, 100.3, 99.7, 100.0, 99.8, 100.1];
x =x(:)"; % ensure row vector

n = length(x);

alpha = 0.05;

%% BASIC STATISTICS

xbar = mean(x);

s = std(x);

cv =s/ xbar;

med = median(x);

mad_val = mad(x,1); % FIXED (renamed variable)
cv_med = mad_val / med,

z =norminv(1 - alpha/2);

%% CLASSICAL

CL L =cv * (1 -z/sqrt(2*n));

CL U=cv * (1 + z/sqrt(2*n));

%% MCKAY

chiL = chi2inv(alpha/2, n-1);

chiU = chi2inv(1-alpha/2, n-1);

MK L = cv * sqrt((n-1)/chiU);

MK U =cv * sqrt((n-1)/chiL);

%% MILLER

ML L =cv * (1 - z/sqrt(n));

ML U =cv * (1 + z/sqrt(n));

%% SHARMA & KRISHNA

SK L = cv * exp(-z/sqrt(n));

SK U = cv * exp(z/sqrt(n));

%% CURTO & PINTO

CP_L=cv/(1+ z/sqrt(n));

CP _U=cv/(1 - z/sqrt(n));

%% AA&K-LS

AAK LS L=cv* (1 - z*sqrt((1+2*cv*2)/(2*n)));
AAK LS U=cv * (1 + z¥sqrt((1+2*cv"2)/(2*n)));
%% AA&K-ALS



AAK ALS L=cv * (1 - z¥sqrt((1+cv"2)/(n)));
AAK ALS U=cv * (1 + z*sqrt((1+cv2)/(n)));
%% PANICHKITKOSOLKUL
PK L =cv * exp(-z*sqrt((1+cv*2)/(n)));
PK U =cv * exp(z*sqrt((1+cv”*2)/(n)));
%% MEDIAN-BASED METHODS
CL Me L =cv_med * (1 - z/sqrt(2*n));
CL Me U=cv _med * (1 + z/sqrt(2*n));
MK Me L =cv_med * sqrt((n-1)/chiU);
MK Me U =cv_med * sqrt((n-1)/chil);
ML Me L=cv _med * (1 - z/sqrt(n));
ML Me U=cv_med * (1 + z/sqrt(n));
CP_Me L=cv_med/ (1 + z/sqrt(n));
CP_Me U=cv_med/ (1 - z/sqrt(n));
SK Me L =cv_med * exp(-z/sqrt(n));
SK Me U =cv _med * exp(z/sqrt(n));
%% BOOTSTRAP
B =1000;
boot cv = zeros(B,1);
fori=1:B
xb = x(randi(n,n,1)); % safer than datasample
boot_cv(i) = std(xb)/mean(xb);
end
se_boot = std(boot_cv);
BT L =cv-z*se boot;
BT U=cv+z*se boot;
%% BOOTSTRAP MEDIAN
boot_cv_me = zeros(B,1);
fori=1:B
xb = x(randi(n,n,1));
boot_cv_me(i) = mad(xb,1)/median(xb); % works now
end
se_boot_me = std(boot_cv_me);
BT Me L =cv_med - z*se_boot me;
BT Me U=cv_med + z*se boot me;
%% WIDTH FUNCTION
width = @(L,U) U - L;
%% DISPLAY
fprintf("\nMethod\t\tLower\t\tUpper\t\tWidth\n');
fprintf('CCL\t\t%.4\t%.41\t%.4f\n',CL_L,CL U,width(CL_L,CL_U));
fprintf'MK\t\t%.41\t%.41\t%.4f\n', MK_L,MK_U,width(MK_L,MK_U));
fprintf('ML\t\t%.41\t%.41\t%.4f\n', ML LML U,width(ML_L,ML_U));
fprintf('S&K\t\t%.41\t%.41\t%.4f\n',SK_L,SK U,width(SK_L,SK U));
fprintf('C&P\t\t%.41\t%.41\t%.4f\n',CP_L,CP_U,width(CP_L,CP_U));
fprintf' AAK-LS\t\t%.41\t%.4\t%.4f\n',AAK LS L,AAK LS U,width(AAK LS L,AAK LS U));
fprintfAAK-ALS\t\t%.41\t%.4\t%.4f\n',AAK_ALS L, AAK ALS U,width(AAK ALS L,AAK ALS U));
fprintf('PK\t\t%.41\t%.41\t%.4f\n',PK_L,PK U,width(PK L,PK U));
fprintf('CCL_Me\t\t%.41\t%.41\t%.4f\n',CL_Me L,CL Me U,width(CL Me L,CL Me U));



fprintf(MK_Me\t\t%.4f\t%.41\t%.4f\n', MK_Me L,MK Me U,width(MK Me L,MK Me U));
fprintf(ML_Me\t\t%.4\t%.41\t%.4f\n’, ML Me LML Me U,width(ML Me LML Me U));
fprintf('C&P_Me\t\t%.41\t%.41\t%.4f\n",CP_Me_ L,CP_Me U,width(CP_Me L,CP_Me U));
fprintf('S&K_Me\t\t%.41\t%.41\t%.4f\n',SK_Me L,SK Me U,width(SK Me L,SK Me U));
fprintf('BT\t\t%.4\t%.41\t%.4f\n',BT_L,BT_U,width(BT_L,BT_U));

fprintf('BT Me\t\t%.41\t%.41\t%.4f\n',BT Me L,BT Me U,width(BT Me L.BT Me U));
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